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Abstract. We briefly discuss the recent discovery of reducible contributions to QED
effective actions due to the presence of external electromagnetic fields at tree level
and higher loop-order. We classify the physical effects of these contributions for
various field configurations and discuss the strong field asymptotic limit.
1 Introduction
After the development of quantum mechanics, it has been understood that this
theory is not exact and it might be the low-energy limit of a more fundamental
quantum theory such as quantum electrodynamics (QED) which was invented
in the 30s. After the groundbreaking theory of Dirac [1] and the prediction of
the positron, QED became one of the most important and tested theories in
science, yet it remains a subject of active investigation. Euler and Kockel [2]
were the first to study the lowest order corrections to the quantum vacuum.
Later Euler and Heisenberg [3] for spinor QED and Weisskopf [4] for scalar QED
presented their effective Lagrangians in a classical constant background field for
which one can compute the exact one-loop effective action. Their final results
are written in a simple closed form corresponding to a sum over an infinite
number of Feynman diagrams (with an even number of external photons) which
later was confirmed by Schwinger in his proper-time method [5]. In the proper-
time representation, the renormalized effective Lagrangian to one-loop order
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obtained by Euler and Heisenberg (EHL) is (in units ~ = c = 1)
L(1)EH = −
1
2
(a2 − b2)− 1
8pi2
∫ ∞
0
dT
T 3
e−m
2T
[ (eaT )(ebT )
tanh[eaT ] tan[ebT ]
− e
2
3
(a2 − b2)T 2 − 1
]
(1)
with two invariants
a2 − b2 = −1
2
FµνF
µν ≡ 2F , ab = −1
4
Fµν F˜
µν ≡ G (2)
where a =
√√F2 + G2 −F and b = √√F2 + G2 + F . The EHL is nonlinear
in the background field which indicates new and interesting phenomenologi-
cal effects like vacuum polarisation, (Sauter-Schwinger) pair production and
photon-photon scattering [7, 6], vacuum birefringence [2, 3], photon dispersion
and photon splitting [8, 9] to name a few, see [10] for a comprehensive review.
The first radiative corrections to the EHL (see Fig. 1), describing the effect
of an additional photon exchange in the loop, were obtained by Ritus [11]. He
obtained L(2)scal,spin in terms of two-parameter integrals which are intractable
analytically; closed-form expressions have been found for their weak-field ex-
pansions for the purely electric or magnetic cases in [12].
x0 x
2
Figure 1: Two-loop irreducible contribution to the EHL.
2 1PR contribution to the EHL and propagators in constant fields
Recently, however, Gies and Karbstein [13] found that historical calculations
had overlooked the possibility of one particle reducible (1PR) contributions to
processes in constant fields. These extra contributions involve a tadpole, dis-
played in Fig. 2a, attached somewhere in a larger Feynman diagram describing
the process. The tadpole diagram alone formally vanishes by momentum con-
servation and gauge invariance, see [14,11], but can contribute when sewn to a
larger diagram. For example, joining two tadpoles (to make a dumbbell) in any
covariant gauge, leads to a momentum integral of the form [13] (the 1k2 comes
from the propagator joining the tadpoles and it is precisely its IR divergence
which leads to a non-vanishing result)∫
dDk δD(k)
kµkν
k2
=
1
D
ηµν (3)
kµ
kµ
x0
kµ
x0 x
0
0
kµ
x0 x
1
(a) Tadpole diagram (b) Dumbbell diagram
Figure 2: Tadpole and two-loop 1PR to the EHL.
which is the origin of surviving contributions from reducible diagrams. In [13]
it is shown that actually the diagram in Fig. 2b does give a finite contribution,
given by the following simple formula
L(2)1PREH =
∂L(1)EH
∂Fµν
∂L(1)EH
∂Fµν
= F
[(∂L(1)EH
∂F
)2
−
(∂L(1)EH
∂G
)2]
+ 2G ∂L
(1)
EH
∂F
∂L(1)EH
∂G . (4)
Corrections to low energy photon amplitudes arising from these contributions
were determined in [15]. Later it was then found that there were additional
reducible contributions to the scalar and spinor propagators in a constant back-
ground field even at the one-loop order in [16, 17]. See Fig. (3a) (irreducible)
and Fig. (3b) (reducible) for one-loop corrections to the scalar/fermion prop-
agator in a constant field. In [16], the authors used a direct calculation
(a) 1PI (b) 1PR
Figure 3: One-loop correction to the propagator.
of all the ingredients, using the worldline approach to QED in a constant
field [20, 21, 9, 22, 18, 19, 17]. Here, as in [17], we will proceed more efficiently:
rather than actually calculating the one-photon spinor propagator in the field,
we will write down its worldline path integral representation, and manipulate
it to show that its linear part in the photon momentum kµ – which is all that is
required for the sewing – satisfies (with the background field in Fock-Schwinger
gauge)
Sx
′x
(1)
∣∣∣
k
= −2iε ·
(
∂Sx
′x
∂F
+
ie
2
x′Sx
′xx
)
· k + ε · L · k (5)
where x+ ≡ 12 (x+x′), x− ≡ x′−x, and Lµν is a symmetric tensor that will not
contribute to the sewing due to symmetry. Together with the similar identity
for the closed loop [16],
Γ
(1)
(1)[k, ε;F ] = −2i(2pi)DδD(k)
[
ε · ∂L
(1)(F )
∂F
· k +O(k3)
]
(6)
it is easy to go for the definition for the 1PR part of the self-energy
Sx
′x(1)1PR =
∫
dDk
(2pi)Dk2
Γ
(1)
(1)[k
′, ε′;F ]Sx
′x
(1) [k, ε;F ]
∣∣∣
k′→−k, εµε′ν→ηµν
(7)
and (3) to obtain for spinor QED
Sx
′x(1)1PR =
∂Sx
′x
∂Fµν
∂L(1)
∂Fµν
+
ie
2
Sx
′xx′µ
∂L(1)
∂Fµν
xν (8)
and, by Fourier transformation, the momentum space version thereof,
S(1)1PR(p) =
∂S(p |F )
∂Fµν
∂L(1)
∂Fµν
(9)
where S(p|F ) is the free propagator in the constant field, see [23] for the scalar
and [24] for the spinor case. The proof of this so called “derivative identity”
can be found in detail in [17] but to obtain the tadpole in Fig. 3a we need
these identities, along with the one-loop effective action and the propagator in
a general constant field background to be discussed in the following.
The worldline representation of the one-loop spinor QED effective action can
be written as a double worldline path integral (see [18,19] and refs. therein):
Γ(1)[A] = −1
2
∫ ∞
0
dT
T
e−m
2T
∫
P
Dx
∫
A
Dψ
×exp
[
−
∫ T
0
dτ
(1
4
x˙2 +
1
2
ψ · ψ˙ + ieA · x˙− ie ψ · F · ψ
)]
. (10)
Here the orbital path integral
∫
Dx is over closed trajectories in space-time,
x(T ) = x(0), the spin path integral
∫
Dψ over Grassmann functions ψµ(τ)
obeying antiperiodic boundary conditions, ψµ(T ) = −ψµ(0). For a constant
Fµν it is convenient to use Fock-Schwinger gauge centered at the loop center
of mass x0, since this allows one to write Aµ in terms of Fµν :
Aµ(x) =
1
2
(x− x0)νFνµ . (11)
Separating off the loop center of mass via x(τ) = x0 + q(τ), one obtains
Γ(1)(F ) =
∫
dDx0L(1)(F ) (12)
where
L(1)(F ) = −1
2
∫ ∞
0
dT
T
e−m
2T
∫
P
Dq
∫
A
Dψ
×exp
[
−
∫ T
0
dτ
(1
4
q˙2 +
1
2
ψ · ψ˙ + ie
2
q · F · q˙ − ie ψ · F · ψ
)]
(13)
and qµ(τ) now obeys the “string-inspired” constraint
∫ T
0
dτqµ(τ) = 0. This
can be written as [18,25]
L(1)(F ) = −2
∫ ∞
0
dT
T
(4piT )−
D
2 e−m
2Tdet−
1
2
[
tanZ
Z
]
(14)
which is a suitable representation of the one-loop EHL for our purpose here.
Next, we need an analog representation for the free propagator in a constant
field. An efficient worldline representation of the dressed spinor propagator in
a constant field has been developed only very recently [24], based on [26, 25].
Without photons it leads to the representation f
Sx
′x(F ) =
[
m+ iγ ·
(
∂
∂x′
− ie
2
F · x−
)]
Kx
′x(F ) (15)
where x− ≡ x′ − x with the “kernel” function
Kx
′x(F ) =
∫ ∞
0
dTe−m
2T (4piT )−
D
2 det−
1
2
[ tanZ
Z
]
e−
1
4T x−·Z·cotZ·x−
×symb−1
[
e
i
4η·tanZ·η
]
. (16)
Here the propagation is from x to x′, Zµν ≡ eFµνT and we used Fock-Schwinger
gauge at x. The constant Grassmann vector η generates the γ-matrix struc-
ture of the propagator via the “symbol map” defined by symb
(
γˆ[αβ···ρ]
) ≡
ηαηβ . . . ηρ where γˆµ ≡ i√2γµ and γˆ[αβ···ρ] denotes the totally antisymmetrized
product. Now, with (14) and (16) we can build the tadpole diagram in Fig. 3a
using the above “derivative identity.” In configuration space, an explicit rep-
resentation of the addendum can be found by simply carrying out the differen-
tiation (all matrices are built from the constant anti-symmetric field strength
tensor and so commute) of the un-dressed propagator and one-loop effective
action [17]. Here we just quote the final expression in momentum space which
fOur conventions follow [27], except for the opposite sign of the elementary charge.
is obtained by Fourier transforming the x-space result
S(1)1PR(p) = e2
∫ ∞
0
dTT e−T (m
2+p· tanZZ ·p)
∫ ∞
0
dT ′(4piT ′)−
D
2 e−m
2T ′det−
1
2
[ tanZ ′
Z ′
]
×
{[
m− γ · (1 + itanZ) · p
][
− Tp · Z − sinZ · cosZZ2 · cos2Z · Ξ
′ · p+ Ξ′µν
∂
∂Zµν
]
−iγ · sec2Z · Ξ′ · p
}
symb−1
{
e
i
4η·tanZ·η
}
(17)
where Ξ = ddZ ln
[
tanZ
Z
]
see [17].
3 Pure magnetic field background
In this section we consider a pure constant magnetic field background pointing
along the z-direction, say, so that ~B = Bzˆ. In this background there are only
two non-vanishing components of the field strength tensor, F12 = −B and
F21 = B. In the following two subsections we compute the 1PR contribution
to the two-loop EHL and the tadpole diagram in a magnetic field background.
3.1 1PR to the two-loop EHL
The two-loop EHL (spinor case) in this background has the following parameter
integral representation
L(2)1PR = 4e
2
D
∫ ∞
0
ds(4piis)−
D
2 J (z)
∫ ∞
0
ds′(4piis′)−
D
2 J (z′) (18)
where J (z) = (z/ tan z)(cot z − 1/z + tan z) with z = eBs. Note that the in-
tegrand contains arbitrary positive powers of z and z′ therefore it is clear that
this contribution to the EHL cannot be absorbed by renormalization, so it im-
plies important physical corrections at two-loop [28]. For weak magnetic fields
one can expand the integrand and compute the first non-trivial contributions.
After the expansion and performing the parameter integrals in (18)
L(2)1PR = 4e
2
Dm4
(
m2
4pi
)D
[2
3
(
eB
m2
) Γ[2− D
2
]− 4
45
(
eB
m2
)3 Γ[4− D
2
] + · · ·
]2
. (19)
In D = 4 the first term of the above expansion is divergent but still linear
in the coupling of the respective loop to the background field (eB) so it can
be removed by renormalization, but higher order terms are finite and physical
so they should be contrasted with the weak field expansion of the irreducible
contribution to the two-loop EHL [29]. The opposite strong-field limit is also
interesting. Since there are two copies of the same integral in (18) it suffices
to focus on one and extract the strong limit behaviour. It has recently been
shown by Karbstein in [30] that the strong field asymptotic limit of EHL is
determined (at all loop orders) by the reducible contributions. After renormal-
isation the parameter integrals are evaluated and setting D = 4− 2, the pole
cancels out between difference pieces of the integral in (18): the remaining,
finite, expression can then be expanded for large B to obtain the leading order
behaviour
L(2)1PR ∼ 1
2
B2
[
αβ1 ln
( eB
m2
)]2
;
eB
m2
 1 (20)
where β1 = 1/3pi is the order α coefficient of the β-function in spinor QED –
see [28] for details. It confirms the results given in [30] at two-loop order.
3.2 1PR to the tadpole
As for the 1PR contribution to the spinor self-energy, after plugging the field
strength tensor into (17) we find that the one-loop 1PR correction in a constant
magnetic field is given by
S(1)1PR(p) = −ie2
∫ ∞
0
ds s e−is(m
2+p2‖+
tan z
z p
2
⊥)
∫ ∞
0
ds′(4ipis′)−
D
2 e−im
2s′( cot z′ − z′ csc2 z′)
×
{[
− isp2⊥
( sec2 z
z
− tan z
z2
)(
m− /p+ tanz γ[2p1]
)
+ sec2 z γ[2p1]
][
1 +
1
2
tan z[γ2, γ1]
]
+
1
2
(m− /p+ tan z γ[2p1]) sec2 z[γ2, γ1]
}
(21)
where z = eBs, p‖ = (p0, 0, 0, p3) and p⊥ = (0, p1, p2, 0). This general result is
non-vanishing, as we show directly below and generalises easily to a constant
magnetic field in an arbitrary direction. The integrand involves arbitrary pow-
ers of z′, so cannot be completely absorbed by renormalisation. The parameter
integrals in (21) may be done numerically. To cubic order in the magnetic field
the s′ integral provides a factor
×x0
×x0+×x0 = ×x0 + ×x0+ +...
Figure 4: Diagrammatic representation of the weak-field expansion for the
1PR contribution to the electron propagator in a constant magnetic field.
∫ ∞
0
ds′
(
4ipis′
)−D2
e−im
2s′
(
cot z′ − z′ csc2 z′
)
=
2
3m2
(
m2
4pi
)D
2
×
{(
eB
m2
)
Γ
[
2− D
2
]
−
(
eB
m2
)3
2
15
Γ
[
4− D
2
]
+ . . .
}
. (22)
The next step is to expand the s-integrand in z. The remaining proper time
integral over s then yields
S(1)1PR(p) ≈ 2ie
2
3
(
m2
4pi
)D
2
[
eB
m2
Γ
[
2− D
2
]
− 2
15
(
eB
m2
)3Γ
[
4− D
2
]
+ . . .
]
×
[
1
4m2
{
m− /p , [γ2, γ1]
}
(m2 + p2)2
+ 4i
(
eB
m2
)(
(m− /p)p2⊥
(m2 + p2)4
− p
1γ1 + p2γ2
(m2 + p2)3
)
+ . . .
]
(23)
which is also represented diagrammatically in Fig. 4. Here the top line is the
contribution from the loop; the first term in square brackets diverges in D = 4.
However, being linear in the coupling to the background, this can be absorbed
by a renormalisation. The first non-trivial contribution is of order (eB/m2)3
which is clearly finite. In the next section we briefly discuss the case of constant
crossed field and plane wave background fields.
4 Constant crossed field and plane wave backgrounds
We consider the class of constant fields with vanishing Maxwell invariants,
FµνF
µν = 0 and Fµν F˜
µν = 0, where the dual field strength tensor is defined
as usual by F˜µν := 12
µναβFαβ . Furthermore F
3
µν ≡ FµαFαβFβν = 0 for such
fields and all higher powers also vanish. For constant crossed fields we may
always choose coordinates such that the field strength tensor has F01 = F13 =
B. For the 1PR contribution to the self-energy, evaluating the trigonometric
functions in (17) and computing the s′ integral leads to the representation
(the super-script minus refers to light-cone coordinates, x± := x0± x3 and the
square bracket anti-symmetrization of indices without combinatorical factor)
S(1)1PR =
e2
m2
(
m2
4pi
)D
2 eB
m2
Γ
[
2− D
2
] ∫ ∞
0
ds s e
−is
(
p2+m2+ z
2
3 p
−2
)
[
1
2
{
i
(
m− /p
)
,
4is
9
zp−2 − 2
3
γ−γ1
}
+ izγ[−p1]
(
4is
9
zp−2 − 2
3
γ−γ1
)] [
1 + zγ−γ1
]
(24)
in which {·, ·} denotes the anticommutator, and z = eBs. The same analysis
can be done for the plane wave background which we will not present here,
see [28]. As the constant crossed field case the plane wave background does
not lead to any finite contribution for the self-energy diagram due to insuffi-
cient Lorentz invariant quantities that can be constructed from the physical
parameters of the problem, see [28]. In [28] we considered background plane
waves of arbitrary strength and shape. Here we were able to make a stronger
statement; we calculated the 1PR correction to any diagram, and showed that
this again amounts to a divergence (in D = 4) which can be renormalised away.
This is consistent with, and goes beyond, one-loop Hamiltonian-picture calcu-
lations where the tadpole does not appear due to normal ordering [31], as in
background-free QED. For all plane waves, including constant crossed fields,
we have also confirmed that the dumbbell diagram vanishes identically. There-
fore (unlike in the case of magnetic fields) we confirm there is no additional
two-loop correction to the effective action coming from the 1PR diagrams.
5 Conclusion
We supplied a brief review on the recently discovered 1PR contribution to
QED in the presence of constant background fields. We consider a general
electromagnetic field, a pure magnetic field, constant crossed and plane wave
background fields. One obtains a finite contribution for a general background,
which in the case of a pure magnetic field leads to very interesting results in
both strong and weak field limits. For the crossed and plane wave cases we show
these 1PR contributions are linear in the background field and can therefore
be removed by renormalization which indicates that 1PR does not lead to any
physical contribution. For the plane wave case we make the stronger statement
that 1PR corrections to any diagram can be renormalized away.
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